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--Distribution of thinned-stand observations by residual trees immediately after thinning and site index
Site index class [feet)
Residual 43-48-53-58-63-68-73-78-Total  trees  47  52  57  62  67  72  77  82  Trees/ -100  2  9  2  1  23  8  2  47  101-200  1  '3  8  14  21  79  31  1  158  201-300  3  2  '14  8  20  50  15 prediction of residual stands immediately after thinning. Total tree height and volume equations required for stand summaries are discussed.
Moment-Percentile Estimators
The three-parameter Weibull function (Bailey and Dell 1973) was selected as a model for the distribution of diameters. The Weibull probability density function is defined as: ' and the number of trees per acre , gives the basal area per acre @*/acre). If the sample estimate of the second moment is defined as:
then taking the square root gives the quadratic mean stand diameter:
Percentile definitions involve letting xp equal the diameter that is the 100, percentile of the Weibull distribution where 0 I p I 1. Equation 2 can then be solved for the scale parameter b:
Combining equations 3 and 4 and rearranging gives:
which is solved by numerical techniques for the shape parameter c, given a specified p and estimated a, E(X2), and xp. In the study described here, the location parameter was estimated by a simple projection function, yielding a two-parameter Weibull distribution, with a being fixed. The value of p was set at 0.93 because (1) the estimators of a and E(X2) tie down the left tail and center of the distribution, respectively, (2) the upper right tail is where most of the value is for distributions of tree diameters, and (3) the 93rd percentile has been found useful in estimating Weibull parameters in other situations (Zanakis 1979) . Hence, equation 5 becomes: and equation 4 becomes:
Solving for c in equation 6 and substituting its -value into equation 7 gives b, which then completely defines the Weibull distribution.
Unthinned Stands
In order to obtain the Weibull diameter distribution parameters for a given stand by the moment-percentile method of parameter recovery, three stand-level attributes must be predicted and these estimates used to solve for a, b, and c as described previously. After considerable modeling effort, the stand attributes Xmin, B, and X.93 wefe selected where:
(inches) of the smallest diameter tree on a study plot, B = basal area (ff/acre), and
that is the observed 93rd percentile in the diameter distribution of a study plot.
The projection equations used to estimate these quantities over time form a system of nonlinear functions of age, site, and number of trees surviving. The stand attribute Xmin is inherently weak in that it is an order statistic and is a decreasing function of sample size. Thus, in forestry applications, Xmin will decrease when plot size increases, and when plots of unequal size are used, as in the present case, the definition of &in becomes questionable unless it is modeled as a function of plot size or more directly by the number of trees in the sample. However, this problem has generally been dismissed in previous growth and yield research because only a crude estimate of Xmi* is needed; therefore, this issue was not pursued further. The basal area yield equation was modeled as:
where H DC = average height (ft) of dominant and codominant trees, Ts = number of trees surviving per acre, A = age of plantation (years); i.e., number of growing seasons since field planting, and ai = parameters to be estimated (i = 1,2,3,4).
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The quadratic mean diameter R,, defined as the d.b.h. of the tree of average basal area, can be derived by algebraic manipulation from equation 8, yielding: Given the definition of ?z, it is reasonable to require that models of Xmin and X.,, have the same functional form as the model of x,. Thus we have the nonlinear models:
and:
With these three stand-level attributes projected for a specific stand, the location parameter is fixed as: a = 0.5 Gin and the second moment is estimated by:
Experience has indicated that the value of a affects the distribution little because the other parameters adjust themselves accordingly (Zarnoch and Dell 1985) . Moreover, because a is between zero and Xmin, it is natural to fix this parameter at the midpoint of this interval. Hence, the shape parameter c is estimated by solving equation 6 after substitution from equations 11, 12, and 13. The scale parameter b is found by substituting the value of c and values from equations 11 and 12 into 7.
Equations 8, 10, and 11 were fitted to the plot data. Their estimated coefftcients and fit statistics are shown in table 14. An example of the behavior and relationship of these stand attributes is shown in figure 2 , where the minimum diameter (Xmin), quadratic mean diameter (function of B), and the 93rd percentile @.93) are plotted over plantation age for three levels of trees surviving at age 10 where the site index is 60.
The predictor variables consist of age, height of dominant and codominant trees, and number of trees surviving. If values of the latter two stand measurements at a given age are unknown, they must be predicted. Mean height of the dominant and codominant trees at any age can be obtained from a back-solution of the site index equation (Zarnoch and Feduccia 1984) . Two forms of this equation are given in table 15. There are three ways to predict survival in unthinned stands. If the number of trees surviving at the starting age, T,, is unknown, but basal area per acre and site index or mean height of the dominant and codominant trees is known, then the fourth equation in table 14 is applicable. If only the number of trees planted, TP, is known, then the fifth equation in table 14 can be used to predict T,. Finally, when projecting changes in number of trees surviving from one age to another, an equation is given in table 14 based on the model:
where T, = number of trees alive at the projection age, T, = number of trees alive at the initial age, A, = projection age, and A, = initial age. 
Thinned Stands
The thinned-stand model is also based on the moment-percentile parameter recovery approach, estimating the values of stand-level attributes B,, Xmin,a, X.,,,,, and T, at projection age A, from initial age At where: B, = basal area (ft2/acre) at age A,, The basal-area projection equation originally used by Clutter (1963) and Sullivan and Clutter (1972) was used and is defined as:
where s = site index at base age 25 and 
Given these 'stand-level attributes projected for a specific stand a't age A,, the location parameter is fixed at:
and the second moment estimated by:
Notice that n is now fixed very near the minimum diamet,~., while in the unthinned-stand model Q was fixed at half the minimum diameter. The justification for this difference i: that thinned stands contain fewer trees and often exhibit a smoother distribution of diameters as a result of previous thinnings. It was judged that for thinned stands n was better estimated by the minimum diameter, and the value of CL was set closer to this number. The shape parameter c is estimated by solving equation 6 after substitution of values from equations 18, 19, and 20. The scale parameter h is found by substituting values from equations 18 and 19 and the value of c into equation 7. The stand-level attribute model equations 14, 1.5, 17, and 18 were fitted to the plot data; I7 their estimated coeffkients and fit statistics are shown in table 16. Because thinning affects stand growth, thinned-stand growth models are more complex than models describing the growth of unthinned stands. The necessity of employing basal area (B,) along with age (A, and A2), site index, and trees surviving (Tt) as input variables illustrates this point. Obviously, residual B, and T, define x4,t, and therefore the quadratic mean diameter can be substituted for one of the other two. More important, though, the fact that B, and T, define x,,, indicates the important role that average residual-tree diameter has in thinned-stand growth models, even though it may not explicitly enter into any of the projection equations.
Residual Stands
The model formulated to predict the diameter distributions of residual stands immediately after thinning from below is also based on the moment-percentile method of parameter recovery. The model used to predict the number of residual trees after thinning (Matney and Sullivan 1982) was:
where T, = number of trees per acre before thinning, B, = basal area (ft2/acre) before thinning, and B, = a specified residual basal area (tI'/acre) that will remain after thinning.
It should be noted, that in a previously unthinned stand, Tb would be identical to the T, input required to make predictions of diameter distribution parameters at that age and that B, is simply the estimated basal area from equation 8. Conversely, in a previously thinned stand, Tb is identical to T2 in equation 14, and B, is estimated using equation 15 
plantation age (years) at time of thinning, d.b.h. (inches) of the smallest diameter tree on a study plot before thinning, d.b.h. (inches) of the smallest diameter residual tree on a study plot after thinning, basal area (fi2/acre) before thinning, residual basal area (fi2/acre) after thinning, the diameter (inches) that is the 93rd percentile in the diameter distribution before thinning, the diameter (inches) that is the 93rd percentile in the residual diameter distribution after thinning, and
Given these stand attributes, the location parameter is fixed at: *The fit statistic is the square of the correlation coefficient between the predicted and observed variables.
because the residual stand contains fewer trees and has a smoother diameter distribution than the unthinned stand. The second moment is estimated by: ) and the b and c parameters are found after appropriate substitutions into equations 6 and 7. ' Models 21, 22, and 23 were fitted to before-and after-thinning data, and the estimated coeffkients and fit statistics are shown in table 17. Originally, these were fitted separately to data from first, second, third, fourth, and filth thinnings. However, after scrutiny of the coefficients, models for two to five t&innings were considered essentially the same, and so the data was pooled and coefficients refitted. The formation of one set of equations for the first thinning and another for subsequent thinnings is also based on the judgment that the first thinning differs from the rest when thinning is from below: the first thinning gets the stand in shape for repeated subsequent thinnings.
Height-Diameter Equation
fhe total height of a given tree was modeled as a function of tree diameter, site index, and stand conditions. There were 17,606 height observations from the thinned and unthinned stands that were used together, giving:
In ( table 15 for an alternate form). The equation generates estimates of tree heights that are used in the volume-defining function to determine cubic-foot volume per tree, which can be accumulated on a stand basis for estimates of volume per acre. table 15 ). This model was used for computing individual-tree total outside-bark volumes and subsequently volume per acre for thinned and unthinned stands.
Volume-Defining Equation
MODEL TESTING
The growth and yield prediction system was tested against the data used in its development. The tests verified that predicted values were close to those observed.
The prediction phases tested were: yield prediction in an unthinned stand, growth prediction in an untbinned stand, characterization of a residual stand after thinning, and growth prediction in a thinned stand. In each case selected, predicted values of stand and yield table variables were compared with their respective observed values. The same volume defining function was used in each case. Mean predicted, mean observed, correlation coeft'icient, mean difference (predicted minus observed), and mean percentage difference statistics were calculated. The percentage differences are defined as:
PREDICTED -OBSERVED OBSERVED
Results of these tests are found in tables 18 through 22. With the general exception of Xmin, which is highly variable, the stand-and yield-table variables averaged within f5 percent of the observed values. This indicates that the system of equations accurately predicts growth and yield in the stands from which it was developed and should,provide good results when used to make predictions in similar slash pine plantations.
DISCUSSION
Trends
Prediction trends for unthinned and thinned plantations and some comparisons of results of these management alternatives are given in figures 4 through 11. Generally in these figures, the extremely wide range of site indexes from 40 to 80 are presented. However, in this discussion, we have focused on the more realistic site indexes of 50 and 70. In most cases it was assumed that 700 trees were planted per acre (about an 8-by 8-ft spacing) on lands with site indices (base age 25) of 50 and 70. After prediction of stand conditions at age 10, 8- 
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projections were made to age 40 for unthinned-stand examples or to age 50 for thinned-stand examples. In the thinned-stand examples, the plantation with a site index of 70 was thinned to 80 ft? of basal area at 15, 22, 30, and 40 years. The plantation with a site index of 50 was thinned to 80 ft2 of basal area at 22, 30, and 40 years.
Unthinned Plantation
Mean Diameter--The average gain in mean diameter for site 70 over the site 50 plantation was 2.34 inches by stand age 40 (fig. 4) .
Basal Area--Basal area increased with increasing site index ( fig. 5 ) but increased more rapidly on site 70. Basal area was near culmination on both sites by stand age 40.
Total-Stem Volume Yield--Total-stem yields (cubic feet, outside bark) did not culminate before age 40 on either site, but the volume on site 70 at age 40 was 4,024 @/acre greater than the corresponding value for site 50 ( fig. 6 ).
Mean and Periodic Annual Increment--Total-stem volume (cubic-feet outside bark) mean annual increment (MAI) culminated at about stand age 25 on both sites and tapered off more rapidly on site 70. However, at age 25 MA1 was 110.3 @/acre per year greater on site 70 than on the site 50 ( fig. 7) .
Thinned Plantation
Surviving Trees--At age 22, when the site 70 stand was thinned for a second time, the site 50 stand got its first thinning to the target basal area of 80 #/acre ( fig. 8) . Obviously, very few trees were cut from the site 50 stand. The site 70 stand had about 200 fewer trees per acre after the thinning at age 22 than did the site 50 stand. From this time on, though, the cuts on site 50 removed more trees than did those on site 70, so the gap closed to about 60 trees per acre. Mortality was not a very important factor in either stand after the thinning regime was initiated.
Mean Stand Diameter--Quadratic mean d.b.h. averaged 3.4 inches higher on site 70 than on site 50. The difference was smaller in the early years but consistently increased over time ( fig. 9 ). Average diameter increased with each thinning because the thinning technique used in the study plantations was modified low thinning.
Basal Area--After each stand had been thinned at least once, basal area yield was about 4 fi2/acre higher in the site 70 stand than in the site 50 stand just prior to the last two thinnings, and this relationship persisted until almost age 50 ( fig. 10) .
Total-Stem Volume Yield--Total cubic-foot (outside bark) standing volume was always greater in the site 70 plantation than in the site 50 plantation ( fig. ll) , even after all thinnings. Total volume at age 50 was 1,338 ft3/acre greater for site 70 than for site 50, and total volume removed in thinnings was 2,812 ft?/acre greater for site 70 than for site 50.
Unthinned-and Thinned-Stand Comparison
The unthinned site 70 plantation contained 290 trees per acre at age 40, whereas the corresponding thinned plantation contained 99 trees per acre at that age (before the final thinning). The unthinned plantation contained SO percent more total volume than the thinned plantation--7,371 e/acre compared to 4,907 e/acre. However, the average diameter of the trees in the thinned plantation (at age 40) was about 4 inches greater than those in ,he unthinned stand. For the thinned site 70 stand, the total c,f the volume harvested in the first three thinnings and the volume available for harvesting just before the age-40 thinning was 3,204 + 4,907 = 8,111 @/acre. This was about 740 ft3/acre more volume than what was available in the unthinned site 70 stand at age 40.
Computer Pr-cgram COMPUTE P-SLASH, a program that performs calculations and generates yield tables for thinned and -unthinned s!ash pine plamations on cutover sites in the west gulf region, will soon be available. It is written in FORTRAN 77 and will run on most computers. A user's guide, which will accompany the software and explain the program's features, is also being prepared.
